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Matrix analysis for
guantum entropy
inequalities




Entropy inequalities

* Probability distribution P,g- with entropy H(A)p == — )., PXlogPy = 0
* Mutual information:
| [(A:B)p == H(A)p + H(B)p — H(AB)p = 0
* Conditional entropy:
| H(A|B)p := H(AB)p —H(B)p = 0
* Conditional mutual information:
| I(A:B|C)p == H(AC)p + H(BC)p — H(C)p — H(ABC)p = 0
* Non-Shannon type inequalities (!) — entropy cone, e.g.,

21(C:D)p < I(A:B)p + 1(A:CD)p + 3I(C:D|A)p + I(C:D|B)p




Quantum entropy inequalities

» State pgpc # 0, Tr[papc] = 1 with entropy H(A), := —Tr[pslogps] = 0
* I(A:B),:=H(A), +HB), —H(AB), =0
* H(A|B), == H(AB), — H(B), can get negative
e Strong subadditivity (SSA):

I(A:BlC)p = H(AC)p + H(BC)p — H(C)p — H(ABC)p = 0
* Equivalent to entanglement monogamy = weak monotonicity:

H(A|C), + H(A|B), = 0

* Today: Prove (novel) quantum entropy inequalities via matrix analysis




Refined entropy
inequalities
beyond SSA




SSA refinements

* Recoverability via parent relative entropy D(P||Q) = )., P* log (g—x):
I(A:B|C)p = inf D(Pypc||QpicPac) = 0 with Qpe = PpcPi !

B|C
/\ QB|C
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* Equivalent Markov chain formulation:

I(A:B|C)p = inf D(Pypcl|Qa—c—p) = 0 with Qs_c—p = PpcPc ' Pac

QA—C—B

* Equality conditions I(4: B|C)p = 0 from D(P||Q) =0 & P =Q



Quantum
versions?




From classical to quantum relative entropy

* Relative entropy: D(P||Q) = )., P*log (g—z)

e Quantum relative entropy: D(p||o) := Tr[p(logp —logo)]

» Geometric relative entropy: D(p||o) := Tr|plog(p/2671p1/?)]

* Measured relative entropy for POVMs {M*} with P, ), (x) := Tr[M*p] as
Dy (pllo) = SEP D(Pp,M”Pa,M)

» Good properties, ordering: D (p||c) = D(p||o) = D, (p||o)



Variant: Locally measured relative entropies

* Bipartite system AB, local measurements with respect to A: B as

M = LO(A: B),LOCC,(A —» B),LOCC(A: B),SEP(A: B), PPT(A: B)

leads to

Dy (paglloag) = sup D(Pp,M Pg n)
MeM

with P, 3 (x) = Tr[pM*] from POVMs {M*} with M* € M

* Reasonable properties, ordering:

Dar1(pap

with Dy (pag|

|0ag) = Dppr(paglloag) = - = Dro(paglloas) = 0

o,5) = 0 & pyp = gyp (informationally complete)



Quantum
recoverability




Quantum SSA refinements: Recoverability

* Non-commutative rewriting: e T'_'_'_HV_H
A C B
I(A:B|C), = D(pagcll exp(log pac +10g ppc —10g papc)) =277

* Recoverability via quantum channels R._ g gives:
d. Equa“ty condition: I(A BlC)p =0 PaBc = (1A® RcﬁBc)(pAc)

b. No-go: I(A:B|C), £ inf D(papc||(Ia® Re-pc)(pac))

RcoBe

c. Theorem:I(4:B|C), = Rinf Darr(Papcl|Ua® Respe)(Pac))

C-BC
— QIP 2016 [Fawzi, Renner] + many more, direct matrix analysis proof

QIP 2017 [Sutter, B., Tomamichel]



Quantum
Markov chains




Quantum SSA refinements: Separability

e Exact quantum Markov chain (QMC) equality condition:
I(AB'C)p =0 PABC = @k Pk ’Oxil(Ck ® png with C :@k Cll,( ® C]lgc
L R

* QMC no-go: I(A: B|C), & O'EQMCi'?/{:—C—B) DarL(Pagclloasc)

* Separability no-go: I(A: B|C), £ GesgggA:B) Djr1(paglloaB)

* Theorem: I(A: B|C),, = GESEiggA:B) Drocc,—a)(Pasl|oas)

QIP 2011 [Brandao, Christandl, Yard]
— Today: Give novel matrix analysis proof of strengthened bounds



Proof
techniques




Workhorse A: Multivariate trace inequalities

* Multipartite systems ABC < non-commuting matrices pagc, Pag, PBc) ***
* Example trace inequality: Golden-Thompson for H;, H, Hermitian as

Trlexp(H, + Hy)] < Tr[exp(H,) exp(H;)]

* Multivariate extension for {Hy };;—; Hermitian as
n oo n
logllexp( )" Holly < | dpo(logl1 | Jexn(C1+ i) I,
k=1 - k=1

with probability distribution Sy (t) = %(COSh(TL’t) + 1)1
= QIP 2017 [Sutter, B., Tomamichel] for recoverability SSA strengthening



Workhorse B: Variational formulas

* Relative entropy D(P||Q) = sup )., P, log W, — log(}., Q,, W,,)
W20

* Quantum relative entropy
D(pl|lo) = sup Tr|plog w| — log Tr[exp(log o + log w)]
* Measured relative ear)ljc(r)opy (Golden-Thompson!)
Dari(pllo) = sup Tr[plog w] — log Tr[ow]
* Theorem: Locally measured rel_ative entropy
Dy(p||lo) < sup Tr[plogw] —log Tr|low]

G)ECM

with Cy; == Upepy cone{M,} and equality for M = LO,LOCC;(A — B)



Result: SSA separability refinements

* Theorem: I(A: B|C), = Eocc,(8—a)(A: B) —{E(A: C), — Eq11,(A: C)}

with shorthand notation relative entropies of entanglement

E(A:B) = GES&%{A:B)D(pAB”UAB): Ey(A:B) = JESL!:'II}{A:B) Dy (paglloag)

» Corollary: I(A: B|C), = Eppcc, (B—a)(A: B) = Erocc, (8—a)(A: B)
via version on p®” and asymptotic achievability

1
Dsii(pllo) = Al_f)lgO;DALL(P®n||U®n) = D(pl|o)



Proof sketch




Use variational formula

* Theorem: I(A: B|C), = Epocc,(8-a)(A: B) —{E(A: C);, — E5pL(A: C)}

* Proof via I(A: B|C), + E(A: C), = D(pagcl| exp(log pgc +logoa.c —logpc))
for 04.c == argmingesep(a:c)D(Paclloac) = 2; GL X 0];;

 Variational formula for relative entropy on right-hand side gives

sup Tr[papc log | — log Tr[exp(log +log ppc +1ogoa.c —logpc))]

and with choice for

sup Tr[pag log | + Tr[paclog V. ] — log Tr[exp(5 summands)]



Use multivariate trace inequality

* 5-matrix Golden-Thompson inequality for p = 2 leads to:

sup Tr(pap log 1+ Tr[psclog . ] —logTr [YAC J dpBo(t) YA:BC
X€ELOCC,(B—A),Y=0 )

_ 1+it —1-it  —1+it 1-it
: t - ] ( 2 2 ] 2 2
with Ya:Bc = Zj 04 ® Ppc Pc OcPc ™ Ppc

) € SEP(A: BC)

* With y4.5¢c == ffooo dBy (t) v} gc rewritten as

sup TrlpaglogXg_al + Trlpaclog Yac] —log Tr[Xp_aVa.p | - Tr[YacPa:c]
XeLocc,(B—A),Y=0

. Wit it
Trp [f_oo dpo (t)XBE)Ayﬁ:BCXBiA]
Tr[Xp-aYa:B]
lower bound ELOCC1(B—>A) (A B),D + EALL(A: C)p

and if P4.c = € SEP(A: C) this would give the sought-after



Use one-way LOCC property

* Altogether: I(A BlC)p + E(A C)p > ELOCCl(B%A)(A: B)p + EALL(A: C),D
* Comments:

T 00 d t.
rB[f—oo Po () .¥anc ] € SEP(A: C) itis crucial that
Tr| vA:B]

and thus £, occ, (pa)(A: B), appears in lower bound

* For the last step ¥4.¢c =

* Follows as wlog Xz_,4 = ., wx @ PZ with {P3} set of mutually orthogonal
projectors (for B large enough), phases (1 + it)/2 from multivariate cancel!

* Inequalities used are:

i.  5-matrix Golden-Thompson
ii. Interaction Hamiltonian w5, = exp(log Xz, + logY,.) with Xz, € LOCC,(B — A)



Extensions




Further results

* Generalized entanglement monogamy inequalities, e.g.,
E(A:BC), = Eocc,(8—»a)(A: B) + E411,(A: C),

* Conditional entanglement of mutual information (CEMI) for p4 155 gives:

* Strengthened separability refinement Eggp(A: B),,
* PPT separability refinements Pppr(4: B),

* Multipartite separability refinements via n-matrix Golden-Thompson

* Multipartite squashed entanglement and multipartite CEMI lead to
corresponding recoverability refinements



Conclusions

* Extending classical entropy inequalities to quantum states gives
entanglement monogamy inequalities

- reveals the structure of multipartite quantum states

* Good to have different proofs of results (some proofs might be flawed!)
= matrix analysis directly leads to tight and all most general bounds

* Enablers:
1) Locally measured quantum relative entropies
2) Variational formulas for quantum entropies
3) Multivariate matrix trace inequalities



Where to go from here

* Entropic uncertainty relations for sets of multiple measurements?
* Faithfulness of multipartite squashed entanglement?

* Quantum entropy versus exact quantum Markov chains (QMC)?

* Quantum entropy cone?

e Upcoming at QIP 2023 (list incomplete):

= 56 Quantum Rényi and f-divergences from integral representations

» 67 Connecting entanglement distillation and entanglement testing with restricted
measurements

= 85 The Quantum Entropy Cone near its Apex

» 96 Clustering of conditional mutual information and quantum Markov structure at
arbitrary temperatures

= 449 A new operator extension of strong subadditivity of quantum entropy
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